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The electron pairing channel is the key to the understanding of superconductivity. We propose a
theory of electronic quantum matter in strong density waves using an effective model of Dirac fermion
Landau levels in higher dimensions. We discover an emergent electron-pair scattering channel when
two Dirac fermions descending from different pockets in the original model annihilate each other, and
an unconventional electron pairing channel if the electron-pair scattering conserves momentum. We
find that large density wave strengths, unreachable by usual perturbative approaches, are essential
for the channel to emerge. In comparison, our theory has no uncontrolled approximation, and its
predictions are fully consistent with our numerical calculations. We apply our theory to the vicinity
of antiferromagnetic and ferromagnetic orders and find that exotic concepts such as the disappeared
Fermi volume, the “hot spots”, the crystal lattice involvement, and the demand on magnetic order
fluctuations and Fermi pocket shapes, etc., become natural.
One category of symmetry-breaking states of electronic
quantum matter is the density waves, where the different
degrees of freedom of the electrons form various types of
wave patterns. The Peierls transition attributed the ori-
gin of the density waves in one and quasi-one dimensions
to the nesting of Fermi surfaces through a nesting wave
vector Q, and an electron scattering channel exists that
scatters electrons across the Fermi surface [1, 2]. One
example is the charge density wave as a result of the
electron-phonon coupling. However, the Fermi surface
nesting argument is still a perturbation theory, and its
validity breaks down in strong density waves [3]. Also,
many emergent density waves at two and higher dimen-
sions cannot be explained by the nesting argument [4–6],
since their Fermi surfaces are generally not well nested,
suggesting the Peierls transition is not yet complete.
Another fascinating category of electronic quantum
matter is the superconductors, where electrical resis-
tance vanishes, and magnetic flux fields are expelled
from the material. In a conventional superconductor,
electrons form Cooper pairs, and a BCS pairing chan-
nel emerges as a result of the electron-phonon cou-
pling [7, 8]. The discoveries of high-temperature super-
conductors in Cu-based [9] and Fe-based [10] materials
bring hope for room-temperature superconductors with
countless promising applications. The unlikelihood of
an electron-phonon mechanism calls for alternative pair-
ing channel and unconventional pairing mechanism [11].
However, after more than three decades of intensive re-
search, the origin of unconventional superconductivity
is still unclear and controversial, hindering targeted sci-
ence and engineering for an enhanced Tc. The situa-
tion becomes both more exciting and more complicated
when various intertwined orders are established in the
vicinity of superconductivity in the phase diagrams [12].
Symmetry-breaking states such as ferromagnetic order
[13], antiferromagnet order [12], charge density waves
[5, 6], pair density waves [14], nematic order [15], and
possibly others have been either observed or conjectured,
as well as many other ‘seemingly contradictory’ observa-
FIG. 1. We illustrate the pairing channel’s physical mech-
anism as follows: (1) A 1D system with a density wave is
equivalent to an effective 2D system with a magnetic field.
(2) In the momentum space, each of the two pockets of the
1D system maps to the Landau levels of a pair of Dirac nodes
in the effective 2D system. (3) A Dirac node may annihi-
late with another from a different pair when the density wave
strength exceeds a threshold. (4) An electron-pair scattering
channel emerges as the two conventional electron scattering
modes across their respective nesting wave vectors merge. (5)
Take the limit where the wave vector of the density wave ap-
proaches 0 (or pi), we have an electron pairing channel with
conserved momentum.
tions, making a throughout consistent description diffi-
cult.
Here, we take a ‘bottom-up’ approach and analyze
characteristics of electronic quantum matters in both
weak and strong density waves in a unified theory. While
the results in weak density waves are consistent with the
perturbative picture of the Peierls transition, we discover
an emergent electron-pair scattering channel and electron
pairing channel in strong density waves. We illustrate
the pairing mechanism in Fig. 1. Our theory is fully
controlled, with the small parameter being the density
wave wave vector Q or Q − pi. Further applications of
our theory to spin density waves approaching ferromag-
netic and antiferromagnetic orders yield recipes of the
emergent pairing channel that are not only explanatory
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2FIG. 2. (a) The dispersion of H0 in Eq. 1 has two crossings
at k = ±pi. The red dashed line shows the Fermi energy
for electron density n = 1 + 2kF /pi, kF = 0.2. t
′ = 0. (b)
The red dots show the locations of the Dirac nodes in the
2D Brillouin zone of the model in Eq. 2. The contour of
0 − 2V cos ky − 2 cos kx = 0, 0 = 2V undergoes a Lifshitz
transition at V = 0.5, reducing its crossings with ky = 0,±pi
(the red dashed lines) from four at small V to two at large V .
to many experimental observation ‘oddities’ and known
prerequisites in a universal fashion, but also generalizable
and predictive towards the extraction of the central in-
gredients and favorable conditions for their realizations.
Without loss of generality, we consider the following
one-dimensional (1D) tight-binding model H1D = H0 +
HDW as our first example:
H0 =
∑
x
(it′ − 1) c†x+1,↑cx,↑ + (it′ + 1) c†x+1,↓cx,↓ + h.c.
HDW =
∑
x
[0 − 2V cos (Qx+ ϕ0)]
(
c†x,↑cx,↑ − c†x,↓cx,↓
)
+2λ sin (Qx+ ϕ0)
(
c†x,↑cx,↓ + c
†
x,↓cx,↑
)
(1)
where cx,↑ and cx,↓ are fermion annihilation operators,
V and λ are the strengths of different density wave com-
ponents, and 0 is a translation-invariant potential. ϕ0
and Q O(1) are the initial phase and the incommensu-
rate wave vector of the density waves. Also, we consider
the system in the canonical ensemble with a fixed elec-
tron density n = n↑ + n↓ = 1 + 4kF /2pi. |kF |  O(1)
is the Fermi vector of H0 away from the band crossings,
see Fig. 2a, and kF > 0 (kF < 0) for electron (hole)
pocket. Our first goal is to find and explain the value of
Q that minimizes the systematic energy for a given V .
We will discuss the physical meaning of the model and
parameters later.
When V and λ are small, we can treat HDW as a
perturbation and expect optimal Q = 2kF to nest be-
tween the Fermi surfaces. When V or λ is large, we
need to take a different formalism. For incommensurate
Q, the physics of Eq. 1 is independent of ϕ0 ≡ ky. If
we regard ky as the momentum in an extra yˆ dimension
and sum over, we obtain an effective model of a two-
dimensional (2D) system with a magnetic field of flux
density nΦ = Q/2pi, which is equivalent to the origi-
nal H1D [3]. Without nΦ, the 2D system is translation
FIG. 3. (a) The Landau levels of a Dirac fermion are centered
around the zeroth Landau level right at the energy of the
original Dirac node. Above charge neutrality (denoted by the
red cross), the optimal filling factor has the zeroth Landau
level completely filled, and all the Landau levels above empty.
(b) The average electron energy versus the wave vector Q
for different density wave strengths V = 0.1, 0.3, 0.5, 0.75, 1.0
shows that the optimal Q with minimum energy changes from
the nesting value of Q = 2kF to an anomalous value of Q =
4kF . The energies are relative (shifted vertically) for clarity.
We calculate the models in Eq. 1 on L ∼ 4000 chains nearly
commensurate with Q. We set 0 = 2V , kF = 0.2, and a
relatively small λ = 0.25.
invariant and diagonalizable in the ~k = (kx, ky) basis∑
~k
(
c†~k↑, c
†
~k↓
)
h2D
(
~k
)(
c~k↑, c~k↓
)T
:
h2D
(
~k
)
= σz (0 − 2V cos ky − 2 cos kx) + σx2λ sin ky
+2t′ sin kx (2)
We set t′ = 0, 0 = 2V for simplicity [16].
Importantly, this two-band model h2D has two Dirac
nodes when V is small and four Dirac nodes when V is
large, see Fig. 2b. The two Dirac nodes at ky = ±pi
annihilate at V = 0.5, beyond which the density wave
strength 2V is comparable with the hopping parameters
– a region generally unattainable through perturbative
approaches. In a magnetic field, a 2D Dirac fermion or-
ganizes its degrees of freedom into special Landau levels
n ∝ ±
√
n, zeroed to the Dirac node, see Fig. 3a. Con-
sequently, at electron density n = 1+2kF /pi, the optimal
filling factor is to fill the zeroth Landau level completely
and leave all the higher Landau levels empty. The result-
ing system is incompressible. Mathematically, the elec-
tron density above charge neutrality should match half
the degeneracy of the zeroth Landau levels from all Dirac
fermions. As a result,
2kf
pi
=
nD
2
Q
2pi
(3)
where nD is the number of existing Dirac nodes, irre-
spective of their details. nD = 4 at small V , thus we
have Q = 2kF that is consistent with the Fermi surface
3FIG. 4. (a) The dispersion relation of H0 in Eq. 1 with a small
asymmetric term 2t′ sin kx, t′ = 0.05. At electron density
n = 1 + 2kF /pi, kF = 0.2, the Fermi energy is shown as the
red dashed line, and the two pockets have nonequivalent Fermi
vectors kF1 = 0.25 and kF2 = 0.15. The purple dotted line
is the Fermi energy for kF = 0.01, where the electron density
is close to charge neutrality, and kF2 < 0 for the hole pocket.
The blue arrows denotes the electron-pair scattering mode at
Q = 4kF = 2kF1 + 2kF2 that softens in strong density waves.
Note that the arrow direction is reversed for the hole pocket.
(b) The average electron energy versus the wave vector Q
shows that while the preferential Q with minimum energy
falls between Q = 2kF1 and Q = 2kF2 at small V = 0.1, it
switches to a single value of Q = 4kF = 2kF1 + 2kF2 at large
V = 1.0. t′ = 0.05, λ = V , and the rest of the settings are
the same as those in Fig. 3b.
nesting theory. On the other hand, nD = 2 at large V ,
and we have an anomalous density wave at Q = 4kF . We
note that the crucial 1/2 factor on the right-hand side of
Eq. 3 is a consequence of the Dirac fermion and the pi
Berry phase, and fundamentally different from the case of
a conventional single quadratic band. The latter always
yields a preferential density wave Q = 2kF irrespective
of small or large V , as we detail in the Supplemental
Materials.
To verify our theory, we calculate the average electron
energy on 1D systems in Eq. 1 as a function of Q for
selected values of V , and summarize the numerical re-
sults in Fig. 3b. For smaller values of V = 0.1 and
V = 0.3, the systematic energy is lowest at the nest-
ing value of Q = 2kF . By contrast, for larger values
of V = 1.0 and V = 0.75, the energy minimum clearly
prefers Q = 4kF instead of the original nesting value of
Q = 2kF . While the energy minimum is still at Q = 2kF
for V = 0.5, an apparent dip appears at Q = 4kF , poten-
tially implying the vicinity to a transition. These results
are fully consistent with our theoretical analysis. In addi-
tion, we add a diagonal shift 2t′ sin(kx) to the H0 disper-
sion, t′ = 0.05, which leads to a larger pocket kF1 = 0.25
and a smaller pocket kF2 = 0.15, see Fig. 4a. Our calcu-
lations at large V = 1.0 show a single preferred density
wave Q = 4kF = 2kF1 + 2kF2, see Fig. 4b. Indeed,
from the 2D effective theory perspective, as long as the
added 2t′ sin(kx) shift to the dispersion of h2D (k) does
not disrupt the Landau levels between the Dirac nodes,
the condition for optimal filling factor in Eq. 3 holds.
FIG. 5. (a) The electron scattering channels by the density
waves. (b) The single electron-pair scattering channel by a
strong density wave. (c) The electron pairing channel with
momentum conservation Q → 0. We note that this pairing
channel is fundamentally different from the conventional BCS
channel, where all electrons are from the same pocket. All
momenta are drawn in 2D for clarity.
The systematic energy minimum and incompressibil-
ity at Q = 2kF1 + 2kF2 in strong density waves have
profound physical implications, see Fig. 5. The min-
imums at the nesting wave vector Q = 2kF2 and
Q = 2kF1 in the perturbative limit are the conven-
tional channels of electrons scattered by the density
waves c†pi/2+kF2,↑cpi/2−kF2,↓ and c
†
−pi/2+kF1,↓c−pi/2−kF1,↑
with momentum transfer 2kF2 and 2kF1 (Fig. 5a), as well
as their Hermitian conjugates. In a strong density wave,
we have a single electron-pair scattering mode by the
density wave c†pi/2+kF2,↑c
†
−pi/2+kF1,↓c−pi/2−kF1,↑cpi/2−kF2,↓
with momentum transfer 2kF1 + 2kF2 = 4kF (Fig. 5b),
see the blue arrows as a single process in Fig. 4a, as well
as its Hermitian conjugate.
Most importantly, when we have a hole pocket and
an electron pocket with similar sizes in the initial H0,
see the purple dotted line in Fig. 4a for example,
the momentum of the soft mode can close in on zero
Q = 2kF1 − |2kF2| → 0 and form an electron pairing
channel, see Fig. 5c. It also helps to keep the two
remaining Dirac nodes at the same energy so that our
Dirac-fermion-Landau-level argument remains fully con-
trolled through the Q→ 0 (small magnetic field nΦ → 0)
limit [17]. For instance, when the t′ terms in Eq. 1 has
a sin (Qx+ ϕ) dependence, its impact on the 2D effec-
tive theory 2t′ sin kx sin ky vanishes at the Dirac nodes.
Later, we will discuss another alternative for the same
effect. Note that we have take the limit Q → 0 at the
very end, consistent with the ω → 0 first and then k → 0
order of limits for the superfluid density [18, 19].
Now we discuss the physical background of the model
in Eq. 1 and its implications. We can interpret the
↑ and ↓ indices as physical spins, pseudo-spins, or-
bitals, etc. in different density wave scenarios. Let’s
take the former as an example. Given the spin texture
σz (0 − 2V cosQx) + 2λσx sinQx represented by HDW
and Q→ 0, the system is close to a ferromagnetic phase.
We prefer an electron pocket and a hole pocket of similar
sizes to start with, and the pair consists of one electron
from each pocket with the respective-intra-pocket pair-
scattering process. Further, we want V for small Q to be
4large and comparable with typical hopping amplitudes. λ
does not need to be large (e.g., see Fig. 3b), yet its pres-
ence is essential. True long-range ferromagnetic order
contributes to 0 and, if too large, may cause problems
such as losing the Dirac nodes. Instead, we should be
looking for short-range ferromagnetic fluctuations, where
a good amount of V spread around a small region of Q
near 0.
Next, we turn our attention to density waves with a
large Q, too large for a Landau-level point of view, and
take spin density waves near antiferromagnetic order Q =
pi + q, q  O(1) as an example:
H ′0 =
∑
x
−c†x+1,↑cx,↑ − c†x+1,↓cx,↓ + h.c.
−it′
(
c†x+3,↑cx,↓ + c
†
x+3,↓cx,↑
)
+ h.c. (4)
H ′DW =
∑
x
(−1)x [0 − 2V cos (qx+ ϕ0)]
(
c†x,↑cx,↑ − c†x,↓cx,↓
)
+ [′0 − 2λ sin (qx+ ϕ0)]
(
c†x,↑cx,↓ + c
†
x,↓cx,↑
)
We then define ax,↑ = cx,↑, ax,↓ = cx,↓ for x even, and
ax,↑ = cx,↓, ax,↓ = cx,↑ for x odd. This removes the
(−1)x factor in HDW , and H0 takes the form:
H ′0 =
∑
x
−a†x+1,↑ax,↓ − a†x+1,↓ax,↑ + h.c. (5)
−it′
(
a†x+3,↑ax,↑ + a
†
x+3,↓ax,↓
)
+ h.c.
Like before, we define ϕ0 ≡ ky and map H ′0 +H ′DW to a
2D effective model with a magnetic field of flux density
nΦ = q/2pi  O(1), whose k-space form in the absence
of nΦ is:
h′2D
(
~k
)
= σx (′0 − 2λ sin ky − 2 cos kx)
+σz (0 − 2V cos ky)− 2t′ sin 3kx (6)
Here we set 0 = V , 
′
0 = λ for a spin density wave
Q = q + pi → pi close to the antiferromagnetic order yet
with less proximity than the ferromagnetic case.
This two-band model h′2D has nD = 2 Dirac nodes
when λ is small and nD = 4 Dirac nodes when λ is large,
see Fig. 6a. The two Dirac nodes at ky = −pi/3 annihi-
late at λ =
√
3− 1, a strength comparable with hopping
parameters. According to Eq. 3, the electron-pair scat-
tering mode at q = 4kF takes over above the λ thresh-
old. Our numerical results for Eq. 4 are summarized
in Fig. 6b and in full consistency with our theoretical
analysis: the energy minimum at large λ = 1.0 prefers
q = 4kF instead of the original nesting value q = 2kF .
We note that the Dirac nodes in the 2D effective theory
may displace away in kx from the original 1D pockets in
strong density waves, another possibility we can exploit
to simultaneously create a hole pocket and an electron
pocket in the 1D dispersion without unleveling the Dirac
nodes. For example, the Dirac nodes in Eq. 6 located
FIG. 6. (a) The red dots show the locations of the Dirac nodes
of the model in Eq. 6. The contour of ′0−2λ sin ky−2 cos kx =
0, ′0 = λ undergoes a Lifshitz transition at λ =
√
3−1, reduc-
ing its crossings with ky = ±pi/3 (the red dashed lines) from
four at small λ to two at large λ. (b) The average electron en-
ergy versus the wave vector q = Q−pi for λ = 0.5,√3− 1, 1.0
shows that the optimal q changes from the nesting value of
q = 2kF to an anomalous value of q = 4kF . We calculate the
models in Eq. 4 on L ∼ 4000 chains. 0 = V = 1.0, ′0 = λ,
kF = 0.2 and t
′ = 0. (c) The asymmetric term −2t′ sin 3kx
creates one electron pocket and one hole pocket when the
overall electron density is close to charge neutrality. In this
setting, the electron-pair scattering mode denoted by the blue
arrows, which softens in strong density waves, has a near-zero
momentum. (d) After a gauge transformation kx → kx + pi
for the σx = −1 fermions to the original c-electron-operator
representation, the scattering of a pair of electrons near −pi/2
to near pi/2 creates a momentum transfer of 2pi.
at kx = ±2pi/3 for λ = (
√
3 + 1)/2 remain at the same
energy irrespective of t′, while the original 1D pockets
experience an asymmetric shift and lead to two pockets
with opposite carrier types, see Fig. 6c. Consequently,
the electron-pairing soft mode can conserve momentum.
Numerical results summarized in Fig. 7 also confirm our
theory.
At last, we have a few interesting mentions: (1) To
get back to the original c electron operators, we perform
a gauge transformation kx → kx + pi on the σx = −1
sector of the a fermions. Consequently, the pair consists
of electrons of both σx = ±1 spins with momentum near
−pi/2, and the scattering of the pair to momentum near
pi/2 incurs a total momentum transfer of 2pi, the recip-
rocal lattice wave vector – a signature that the lattice is
involved, see Fig. 6d. (2) We do not need two pockets
with opposite carrier types in this scenario, yet such elec-
tron pairing is only possible around a few discrete “hot
spots” on the Fermi surfaces connected by one half recip-
rocal lattice wave vector. (3) The a fermions have much
smaller pockets than the original c electrons, effectively
5FIG. 7. The average electron energy versus the wave vector q
shows the momentum transfer of the electron-pair scattering
mode q = 4kF approaches 0 as the overall electron density
approaches neutrality kF → 0. V = 1.0, λ = 1.366 and
t′ = 0.2 creates an electron pocket and a hole pocket in the
original 1D dispersion, see Fig. 6c. Longer chains are used in
calculations for smaller values of q.
reducing the Fermi volume by 1. (4) Although there is no
direct largeness requirement for V , it is conceivable based
upon the spin-wave theory that in reality V is larger than
λ – the ‘ferromagnetic’ spin density wave component of
a quantum antiferromagnet, as well as larger than the
typical hopping parameters. Still, true long-range anti-
ferromagnetic order is detrimental and no Dirac nodes
survive if 0 > 2V .
Although our discussions mostly engage 1D electronic
systems, we can extend the methods and arguments
straightforwardly to quasi-1D and 2D, where the pairing
channel may give rise to a more stable condensate. No-
tably, we will be able to include σy terms and Weyl nodes
and chiral Landau level physics in the three-dimensional
effective theory. We hope our study helps to offer alter-
native thoughts towards the potential understanding of
the pairing mechanism in unconventional superconduc-
tors and other strong density wave materials, and more
targeted theoretical searches and better material designs
towards the goal of room-temperature superconductivity.
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6FIG. 8. The average electron energy versus the density wave
Q for V = 0.1, 0.3, 0.5, 0.75, 1.0 show minimums always at
Q = 2kF for when conventional Landau level physics is at
play. k = −2 cos kx, kF = 0.3, and L ∼ 4000. Also seen are
the series of local minimums at Q = 2kF /n, n = 2, 3, · · · for
the complete filling of the n lowest Landau levels.
Supplemental Materials: Fermi surface nesting —
Landau level dichotomy for conventional Fermion
systems
We note that the Q = 4kF physics in strong density
waves and the corresponding pair emergence is not avail-
able if we opt for conventional Landau levels. In the
absence of a band index, we map
H1D =
∑
k
kc
†
kck +
∑
x
V cos (Qx+ ky)
to an effective single-band 2D model with electron den-
sity n = kF /pi, and a magnetic field of flux density
nΦ = Q/2pi. The most energy-favorable Q just fills the
lowest Landau level and nothing else:
n
nΦ
=
2kF
Q
= 1
The resulting system is also incompressible. Therefore,
Q = 2kF universally holds at large as well as small V .
Indeed, numerical results on k = −2 cos kx suggest that
¯ is minimum at Q = 2kF across the range of V , see Fig.
8.
